Abstract. We describe the neighborhood of the vertex [E0] (resp.
Introduction and Main results
Elliptic curves over finite fields play an important role in cryptography. It is well-known that elliptic curves defined over finite fields can be classified into two types: ordinary and supersingular. If the elliptic curve E is ordinary, the endomorphism ring of E is an order of an imaginary quadratic field. If E is supersingular, the endomorphism ring of E is a maximal order of a quaternion algebra. Computing the endomorphism rings and the isogenies of elliptic curves over finite fields are interesting problems in number theory and also has applications in cryptography. Stolbunov [16] proposed a Diffie-Hellman type system based on the difficulty of computing isogenies between ordinary elliptic curves. Cryptosystems based on the hardness of computing the endomorphism rings and isogenies of supersingular elliptic curves were proposed in [8] . Thus, it is important to find an explicit isogeny between two elliptic curves.
The efficient method to find explicit isogenies between elliptic curves is to use the isogeny graph, which is a Ramanujan graph introduced in [8] . D. Jao gave an algorithm to compute ordinary elliptic curve isogenies in quantum subexponential time in [3] . For supersingular elliptic curves defined over F p , from [5, 2] , there is also a subexponential time algorithm to solve this problem.
However, for supersingular elliptic curves defined over F p 2 , it is hard to compute the endomorphism rings or isogenies of the curves. Let ℓ be a prime different from p. Here we recall the definition of the isogeny graph G ℓ (F p 2 ) over F p 2 by Adj et al. [1] . A vertex in the graph is an F p 2 -isomorphism class [E] of supersingular elliptic curves defined over F p 2 . Let [
2 ] be two vertices in G ℓ (F p 2 ), let φ 1 : E 1 → E 2 and φ 2 : E ′ 1 → E ′ 2 be two ℓ-degree F p 2 -isogenies. We say that φ 1 and φ 2 are equivalent if there exist isomorphisms ρ 1 : E 1 → E ′ 1 and ρ 2 : E 2 → E ′ 2 such that φ 2 ρ 1 = ρ 2 φ 1 . Then an edge in the graph is an equivalent class of ℓ-isogenies. If replacing the field of definition F p 2 of the curves and isogenies by the algebraic closure F p of F p , we get the definition of the isogeny graph G ℓ (F p ). Note that for E supersingular over F p 2 , the trace of Frobenius π = (x → x p 2 ) on the Tate module of E must be 0, ±p or ±2p. For t ∈ {0, ±p, ±2p}, let G ℓ (F p 2 , t) be the subgraph of G ℓ (F p 2 ) consisting of vertices [E] with Frobenius trace t and the adjacent edges.
Adj et al. [1] described clearly the subgraphs G ℓ (F p 2 , 0) and G ℓ (F p 2 , ±p). However, more work needs to be done when t = ±2p. Adj et al. proved the following key result in [1, Theorem 6] :
Hence to study the neighborhood of a vertex [E] in G ℓ (F p 2 , ±2p), it suffices to study its neighborhood in G ℓ (F p ). Then tools such as Deuring's Correspondence Theorem can be used. For p > 3, there are two special supersingular elliptic curves over F p 2 with trace −2p:
with j invariant 0 and Remark.
(1) It would be best if the bounds 4ℓ 2 and 3ℓ 2 can be improved to 4ℓ and 3ℓ, as is the case for the number of loops in Theorem 1. However, this speculation is actually false. For a fixed prime ℓ > 3, let P 1 (ℓ) (resp. P 2 (ℓ)) be the largest prime p such that the number of vertices adjacent to
)), i.e., our main theorem fails for such a p. By numerical evidence presented in § 4, for 5 ≤ ℓ ≤ 200, most of the time P 1 (ℓ) is the largest prime ≡ 3 mod 4 and smaller than 4ℓ 2 , P 2 (47) = 6599 is the largest prime ≡ 2 mod 3 and smaller than 3 × 47 2 = 6627. In this sense, our bounds are sharp.
(2) For ℓ = 2 or 3, we shall describe the neighborhood of
As the j-invariants of elliptic curves adjacent to E 0 (resp. E 1728 ) are roots of the modular polynomial Φ ℓ (0, X) (resp. Φ ℓ (1728, X)), our result has the following immediate consequences about their roots.
(1) If p ≡ 3 mod 4 and p > 4ℓ 2 , then if ℓ ≡ 3 mod 4,
Preliminaries
2.1. Elliptic curves over finite fields. We recall basic facts about elliptic curves over finite fields. The general reference is [15] . Let F p be the algebraic closure of F p . An elliptic curves E over the finite field F q for q a power of p > 3 is defined by a Weierstrass equation y 2 = x 3 + ax + b with a, b ∈ F q and 4a 3 + 27b 2 = 0.
The trace of the Frobenius π : x → x q on the Tate module of E, which we also call the trace of E and denoted by tr(E), is the number t = q + 1 − #E(F q ). The minimal polynomial of π is x 2 − tx + q and Hasse's Theorem (see [15] ) implies that |t| ≤ 2 √ q.
The j-invariant of E, which determines the isomorphism class of E over F p , is j(E) = 1728 · 4a 3 4a 3 +27b 2 . The endomorphism ring End(E) of E is the set of all isogenies between itself. For E an elliptic curve over F q , End(E) is either an order of an imaginary quadratic field, which E is called ordinary; or a maximal order of a quaternion algebra, which E is called supersingular. It is well-known that E is ordinary (resp. supersingular) if and only if p ∤ t (resp. p | t). Moreover, a supersingular elliptic curve E over F q always has j-invariant j(E) ∈ F p 2 .
From now on, suppose E is supersingular. Since j(E) ∈ F p 2 , we assume E is also defined over F p 2 . Then t = 0, ±p or ±2p.
Quaternion algebra.
A quaternion algebra over Q is of the form
The unique quaternion algebra over Q ramified only at p and ∞ is B p,∞ = H(−1, −p).
2.3.
Orders and ideals in B p,∞ . An order O of B p,∞ is a subring of B p,∞ which is also a lattice, and is called a maximal order if it is not properly contained in any other order.
For O a maximal order of B p,∞ , let I be a left ideal of O. The left order O L (I) and right order O R (I) of I are defined to be
Define the reduced norm Nrd(I) of I by
From [10, page 10], we have the following theorem:
is the ring of integers of Q(i) where ǫ = i if q ≡ 1 or 2 mod 4 and
from Op 1 and Op 2 and a ∈ F ℓ , let I a = I(ã + ǫ) + ℓO whereã ∈ Z any lifting of a. Then I a is also of reduced norm ℓ and the set
is the set of all left O-ideals of reduced norm ℓ, and (R/ℓR) × right acts on X ℓ by (r, J) → Jr + ℓO. Moreover
(1) If ℓ is inert in R, then (R/ℓR) × acts transitively on X ℓ with (Z/ℓZ) × the stabilizer.
(2) If ℓ splits in R, then (R/ℓR) × acts trivially on Op 1 and Op 2 , and acts transitively on X ℓ − {Op 1 , Op 1 } with (Z/ℓZ) × the stabilizer.
From now on, by abuse of notation, we identify F ℓ with the set {0, · · · , ℓ− 1} andã with a in the definition of I a .
2.4. Supersingular elliptic curves and B p,∞ . Suppose E is a supersingular elliptic curve over F p 2 , then End(E) = O is a maximal order of a quaternion algebra B p,∞ . For I a left integral ideal of O, let E[I]={P ∈ E | α(P ) = O for every α ∈ I}, then the isogeny
has ker φ I = E[I] and deg(φ I ) = Nrd(I) the reduced norm of I. On the other hand, if φ : E → E ′ is an isogeny of degree n, then ker φ is of order n and I φ = {α ∈ O | α(P ) = O for all P ∈ ker ϕ} is a left O-ideal of reduced norm n. Deuring's Correspondence Theorem (see Voight [18] or [11, Theorem 3.1] ) is the following theorem:
Theorem 5. Let E be a supersingular elliptic curve over F p 2 and End(E) = O. Then O is a maximal order of B p,∞ .
(1) There is a 1-to-1 correspondence between left ideals I of O of reduced norm n and equivalent classes of isogenies φ : E → E ′ of degree n given by
(2) If φ : E → E ′ and I are corresponding to each other, then End(E ′ ) ∼ = O R (I) is the right order of I in B p,∞ . In particular, φ ∈ End(E) if and only if I = I φ = Ox is principal.
(3) Suppose that φ 1 : E → E 1 , φ 2 : E → E 2 are two isogenies corresponding to the left ideals I 1 , I 2 ⊆ O. Then E 1 and E 2 are in the same isomorphism class if and only if I 1 = I 2 x for some x ∈ B p,∞ . i.e. I 1 and I 2 are in the same left ideal class. 
Proof of Main Theorem
From [11] , in the cases when E 0 or E 1728 is supersingular (p ≡ 2 mod 3 for E 0 and p ≡ 3 mod 4 for E 1728 ), then
where i 2 = −3, j 2 = −p and ij = −ji = k; and
where
] is the ring of integers of Q(i)
We need the following easy lemma:
Lemma 6. Let N be a Z-module and M a submodule of N . Then for coprime integers n and m, mM + nN = M + nN .
Neighborhood of [E 1728
]. This subsection is devoted to the proof of Theorem 2(1).
is a principal ideal domain and its unit group is {±1, ±i}. (1) ℓ splits completely in
with (m, n) ∈ Z 2 being any solution of X 2 +Y 2 = ℓ. The solution set of X 2 +Y 2 = ℓ is {(±m, ±n), (±n, ±m)}.
(2) The set of pairs (x, y) ∈ Z 2 satisfying ℓ ∤ x and
Proof. All except the last part of (3) 
(1) If µ ∈ ℓ −1 O, Nrd(µ) = 1 and µ / ∈ {±1, ±i}, then ℓ ≡ 1 mod 4 and µ = ℓ −1 (x + yi) where (x, y) ∈ Z 2 satisfies ℓ ∤ x and X 2 + Y 2 = ℓ 2 .
(2) If s 2 ∈ ℓ −1 O, s 2 = −p and s / ∈ {±j, ±k}, then ℓ ≡ 1 mod 4, and s = ℓ −1 (xj + yk) where (x, y) ∈ Z 2 satisfies ℓ ∤ x and X 2 + Y 2 = ℓ 2 .
Proof. (1) Write
By the fact Nrd(µ) = 1, then
If p > 4ℓ 2 , then C = D = 0 and hence µ = We claim that Ii = I 0 , I 0 i = I and I a i = I −a −1 if a = 0. Indeed, ℓi ∈ I and ℓ = −ℓii ∈ Ii, hence I 0 = Ii + ℓO = Ii and I = I 0 i. For a = 0 in F ℓ , I a i = ℓO + I(−1 + ai) = ℓO + I(−a −1 + i) = I −a −1 , where the second identity is by Lemma 6.
To summarize, we divide X ℓ into ℓ+1 2 subsets, each consisting of 2 elements in the same ideal class: {I, I 0 }, {I a , I −a −1 } (a 2 = 0, −1) and {I b , I −b } for b 2 = −1. We show that any two left ideals in different subsets are not in the same ideal class by contradiction.
Suppose I and J are from different subsets of X ℓ and I = Jµ for some µ ∈ B p,∞ , then µ / ∈ {±1, ±i} and Nrd(µ) = 1. Since ℓ ∈ J, ℓµ ∈ I ⊆ O and µ ∈ ℓ −1 O. By Lemma 8(1), we have ℓ ≡ 1 mod 4, µ = For the second part, let E be a supersingular elliptic curve defined over 2), we know either s ∈ {±j, ±k} or in the case ℓ ≡ 1 mod 4, ℓs = xj + yk, (x, y) ∈ Z 2 such that ℓ ∤ x and x 2 + y 2 = ℓ 2 .
Let O = O/ℓO. Then O is a quaternion algebra over F ℓ . We can identify O with M 2 (F ℓ ) via the isomorphism (see [7, Theorem 2 
corresponds to X ℓ bijectively. Let I a be the corresponding left O-ideals of reduced norm ℓ corresponding to I a . For s ∈ O, lets be the image of s in M 2 (F ℓ ). By abuse of notation, write i, j, k forī,j andk.
If (
−p ℓ ) = 1, let t ∈ F ℓ such that t 2 = −p and let (u, v) = (t, 0). In this case, I ∞ = Oℓ + O(−t + j), I a = Oℓ + O(−t + j)(a + i). Then one can easily check that I ∞ j ⊂ I ∞ , I 0 j ⊂ I 0 and I a j I a for all other a, this means (
Proof. Similar to the proof of Lemma 7.
Lemma 10. Suppose p > 3ℓ 2 .
(1) If µ ∈ ℓ −1 O, Nrd(µ) = 1 and µ / ∈ {±1, ±ǫ, ±ǭ}, then ℓ ≡ 1 mod 3 and
(2) If s 2 ∈ ℓ −1 O, s 2 = −p and s / ∈ {±j, ±ǫj, ±ǭj}, then ℓ ≡ 1 mod 3, and s = ℓ −1 (x + yǫ)j where (x, y) ∈ Z 2 satisfies ℓ ∤ x and
If p > 3ℓ 2 , then C = D = 0 and hence µ = 
3 > pℓ 2 since p > 3ℓ 2 , impossible. Hence 
, where the second identity is by Lemma 6.
To summarize, we divide X ℓ into [ For the second part, let E be a supersingular elliptic curve defined over 2), we know either s ∈ {±j, ±ǫj, ±ǭj} or in the case ℓ ≡ 1 mod 3, ℓs = xj + yǫj, (x, y) ∈ Z 2 such that ℓ ∤ x and x 2 + +xy +
where (u, v) is a solution of X 2 + 3Y 2 = −p in F ℓ . Moreover, the set (see [6, Theorem 3 .1])
corresponds to X ℓ bijectively. Let I a be the corresponding left O-ideals of reduced norm ℓ corresponding to I a . For s ∈ O, lets be the image of s in M 2 (F ℓ ). By abuse of notation, write i, j, k forī,j andk. If ( −p ℓ ) = 1, let t ∈ F ℓ such that t 2 = −p and let (u, v) = (t, 0). In this case, I ∞ = Oℓ + O(−t + j), I a = Oℓ + O(−t + j)(a + ǫ). Then one can easily check that I ∞ j ⊂ I ∞ , I −2 −1 j ⊂ I −2 −1 and I a j I a for all other a, this means 
Numerical Evidence
For a fixed prime ℓ > 3, let P 1 (ℓ) (resp. P 2 (ℓ)) be the largest prime p such that the number of vertices adjacent to [E 1728 ] (resp. [E 0 ]) in G ℓ (F p 2 , −2p) is smaller than 
)), i.e., our main theorem fails for such a p. Let P ′ 1 (ℓ) (resp. P ′ 2 (ℓ)) be the largest prime p such that p ≡ 3 mod 4 and p < 4ℓ 2 (resp. p ≡ 2 mod 3 and p < 3ℓ 2 ). By Theorem 2, P i (ℓ) ≤ P ′ i (ℓ). The equality P 1 (ℓ) = P ′ 1 (ℓ) (resp. P 2 (ℓ) = P ′ 2 (ℓ)) holds only when our bound 4ℓ 2 (resp. 3ℓ 2 ) is sharp, in this case we say Bound I (resp. Bound II) is satisfied for ℓ.
We compute the values of P 1 (ℓ) and P 2 (ℓ) for 5 ≤ ℓ ≤ 200 and list them in Table 1 .
As can be seen from Table 1 , of the 44 primes between 5 and 200, Bound I is satisfied for 36 primes. The prime 47 is the only ℓ < 200 satisfying Bound II (and also Bound I), but the difference P ′ 2 (ℓ) − P 2 (ℓ) for each ℓ is not big. In this sense our bounds are sharp. Table 1 . The values of P 1 (ℓ) and P 2 (ℓ) for 5 ≤ ℓ ≤ 200
